We present a line of research aimed at investigating holographic dualities in the context of three dimensional quantum gravity within finite bounded regions. The bulk quantum geometrodynamics is provided by the Ponzano-Regge state-sum model, which defines 3d quantum gravity as a discrete topological quantum field theory (TQFT). This formulation provides an explicit and detailed definition of the quantum boundary states, which allows a rich correspondence between quantum boundary conditions and boundary theories, thereby leading to holographic dualities between 3d quantum gravity and 2d statistical models as used in condensed matter. After presenting the general framework, we focus on the concrete example of the coherent twisted torus boundary, which allows for a direct comparison with other approaches to 3d/2d holography at asymptotic infinity. We conclude with the most interesting questions to pursue in this framework.
In this short paper, we present a research program aimed at understanding the bulk-boundary relationship from the bulk non-perturbative quantum gravity perspective. Our goal is to clarify the role of boundaries and the physics of edge modes in quantum gravity. In non-perturbative approaches to quantum gravity, it is natural to consider finite, or 'quasi-local' boundaries. On these, we can derive the boundary theory induced by the choice of classical boundary conditions or class of quantum boundary states. In a holographic approach, these boundary theories define holographic duals, still encoding the same physical content as the bulk theory, providing a non-trivial representation of bulk observables and allowing to reconstruct the bulk quantum geometry from boundary correlations. Our objective is to test this non-perturbative holographic approach, which provides a quasi-local version of the AdS/CFT correspondence [1] .
Three-dimensional gravity is an ideal testbed for this program. Indeed, it can be formulated as a topological field theory, which allows for an exact non-perturbative quantization [2] . In this context, we propose to study the Ponzano-Regge state-sum model [3] [4] [5] [6] . This is a three-dimensional discrete topological quantum field theory (TQFT), whose relation to the Turaev-Viro [7] and Reshetikhin-Turaev topological invariants is explicitly understood [8] [9] [10] .
Concretely, the Ponzano-Regge model provides a quantized path integral for 3d Regge calculus, which is a well-defined discretization of general relativity [11, 12] . Specifically, it corresponds to a theory of quantum grav-ity with vanishing cosmological constant in Euclidean signature. Generalizations of the model to non-vanishing cosmological constant exists [5, 7, 13, 14 ], but we postpone their investigation to future work.
From the Ponzano-Regge state-sum, transition amplitudes for physical states of quantum geometry can be explicitly computed. However, the question of holographic dualities has not yet been systematically explored in this framework, despite being a very natural one. This is because, the Ponzano-Regge model provides a bulk-local description of the 3d quantum geometry. It is thus natural to focus on finite bounded regions of space-time, explore the various possible quantum boundary conditions and investigate the resulting quantum boundary theories.
Since the Ponzano-Regge model is intrinsically discrete, we expect the Ponzano-Regge amplitude with boundaries to induce discrete statistical physics models on the 2d boundary. Such models typically lead to 2d conformal field theories (CFTs) in their continuum limit in their critical regime. This scenario would lead to a quasi-local version of the AdS 3 /CFT 2 correspondence [15] [16] [17] [18] [19] .
An important question is whether the continuum limit can be reached for finite boundaries at all. Indeed, quantum gravity naturally sets a fundamental minimal length scale and for this reason it is likely that the infinite refinement limit needed for reaching the continuum can not be achieved for finite boundaries. In turn, this would mean that the dual statistical physics boundary theories can only reach their critical regime for asymptotic boundaries. In other words, they would flow towards their limit CFT as the typical length scale of the boundary geometry is much larger than the fundamental quantum gravity length scale, and to the extent that the latter scale can be neglected. For finite boundaries, we would then be left with the non-critical discrete statistical models as holographic duals. Their correlations should still allow to probe the bulk 3d quantum geometry and faithfully represent the 3d quantum gravity amplitudes.
At this point a remark is in order. Three-dimensional gravity is topological, i.e. it does not possess any local physical degrees of freedom. For this reason, discrete models such as the Ponzano-Regge topological state-sum can capture all the relevant degrees of freedom of the continuum theory, irrespectively of the coarseness of the employed discretization. However, the introduction of a boundary with metric boundary conditions does reveal the discretization, which explains our remarks in the previous paragraph.
In this paper, we present and streamline our recent results derived in details [20, 21] and push their analysis further. In an effort to clarify the context of that work, we explain how to derive the holographic duals on the boundary of the Ponzano-Regge model (see also [22] ), and discuss the critical problem of identifying a quantum notion of asymptotic infinity. In particular, we discuss how we are able to reproduce results found in perturbative contexts [23, 24] while at the same time extending these results by non-perturbative corrections.
Since in the Ponzano-Regge model there are two ways of increasing the size of the boundary and the number of degrees of freedom it carries, two naive notions of large scale limit exist: one consists in taking a large number of Planck-sized building blocks, the other in taking a large value for the spins j at fixed number of building blocks. In the former approach, a renormalization flow can be defined that describes effective actions taking the effects of a finer and finer lattice into account (see e.g. [25] ). On the top of this refinement limit, a semi-classical limit can also be taken. The latter approach, instead, turns out to be best understood not in in terms of a large-scale limit, but rather in terms of a semiclassical (e.g. 0 or 1-loop) limit on a fixed discretization (e.g. [3, [26] [27] [28] [29] ). On the top of this semiclassical limit, a continuum limit can also be taken. Therefore, what seemed to be two different ways of taking a large scale limit, are rather two different limits altogether.
1 When both are taken one after the other, the result will not a priori be independent of the order in which the limits are taken. Nonetheless, we showed in [20, 21] that some important features agree in the two approaches. Indeed, both these choices remarkably lead to the same divergence behavior of the associated amplitudes [20, 21] . Crucially, the same behavior that characterizes the perturbative results as well. In the case of the semi-classical calculation, the one-loop result not only reproduces the perturbative ones obtained 1 For completeness, let us mention an extra possibility with regards to the continuum limit, which we will not pursue here. It is possible to consider the discretization itself as a quantum degree of freedom to be "summed over". This is actually the main insight for the dynamical triangulation approach to quantum gravity. In the context of spinfoam models, this point of view leads to group field theory and tensor models, for which one define and study a renormalization flow [30, 31] . It is an open question how these various limits and renormalization flows connect to each other.
both in the continuum [23] and in the discrete [24] , but also includes contributions of saddle points associated to non-classical 'quantum' backgrounds. We hope that the present program will also help elucidate renormalization in discrete quantum gravity models [25, [32] [33] [34] and in particular provide first steps to implement holographic renormalization [35, 36] in nonperturbative quantum gravity models.
II. STATISTICAL DUALS
The Ponzano-Regge model [3] [4] [5] [6] proposes a topological path integral for discretized 3d geometries. Initially defined for triangulations, it can readily be extended to arbitrary 3d cellular decomposition. The amplitudes are well-defined through suitable gauge-fixing [4, 37, 38] and define a topological invariant [6, 10] . They have two equivalent definitions, either in terms of products of spin recoupling symbols (such as the {6j}-symbol representing a quantized tetrahedron) or as a discretized path integral over holonomies encoding the parallel transport along the triangulated manifold. Here, we will not review these definitions of the Ponzano-Regge bulk amplitude, but we will focus on the boundary states and induced boundary theory.
The general relation between boundary conditions, or boundary states, and (dual) boundary theories, is to be looked for in the correspondence between spin-network states and statistical models [22, [39] [40] [41] [42] [43] [44] [45] .
Spin-network states are gauge-invariant Wilson graph observables naturally associated to the connection representation of gravity. Denoting by ω the relevant connection 1-form and by g li = P exp li ω the parallel transport along the i-th link l i of the Wilson graph Γ, such states have the form
where the last equality is a representation of gauge invariance, with s(l) and t(l) denoting the source and target vertices of l, respectively. Using standard loop quantum gravity techniques, when the supporting graph is dual to a surface, spin-network states-or some specific superpositions thereof-can be interpreted as quantum boundary metrics.
Being supported on a graph, these are intrinsically discrete objects. It is important to notice, however, that the Hilbert space of spin-network states in loop quantum gravity can be understood as a space of continuum quantum connections, 2 and in this sense all spin-network states are continuum states. Nonetheless, their operational geometrical interpretation still reposes on discrete structures, and their discreteness can be interpreted as the result of a "physical" finite-resolution pre-or postselecting measurement. In this case, the graph itself can be interpreted quite literally as a network of physical bea-cons and space-measuring devices.
On top of the graph-induced discreteness, when dealing with Euclidean theories, another type of discreteness comes into play. This is the Planck-scale discreteness associated to the spectrum of metric operators. The mathematical origin of this discreteness lies in the compactness of the parallel transport variables g l along the edges of the graph, which replaced their infinitesimal counterpartsthe connection variable ω-as the fundamental variable.
In three Euclidean dimensions, g l ∈ SU(2) and the specifics of the quantum metric described by a spinnetwork state are encoded in the choice of (i) SU(2) spins j l attached to the edges of the spin-network graph, and of (ii) gauge-invariant tensors, aka intertwiners ι v , attached to its vertices. Spin-network states with fixed spins and intertwiners will be denoted by
More specifically, intertwiners are SU(2)-invariant states in the tensor product of several SU(2) representations, say labeled by N spins j 1 , .., j N ,
that is, explicitly showing the sum over magnetic indices,
With this notation, Ψ Γ (j,ι) (g l ) is defined as the contraction of the vertex intertwiners with the j l -representation Wigner matrices of the parallel transports g l , according to the combinatorics imposed by the underlying graph Γ:
(here the trace stands for the sum over the magnetic indices at both ends of each link of the graph Γ.) The amplitude Z M of a quantum gravitational process in a finite region M subjected to the boundary conditions imposed by a given spin-network Ψ Γ , is of course a function of the spin-network state itself. When dealing with the dynamics of flat space, that is of three-dimensional (quantum) gravity with vanishing cosmological constant, this function is extremely simple. If M = B 3 with the 2-sphere boundary, it essentially reduces to what is known as a spin-network evaluation, i.e.
Crucially, this evaluation gets twisted in non-trivial ways by the presence of topological features such as (bulk) non-contractible cycles [5] . Spin-network evaluations are complete contractions of intertwiners, associated to the vertices of the spinnetwork graph. Such an evaluation can be read as the sum over all magnetic-index configurations one can attach to the edges of the graph, with specific Boltzmann weights given by the entries of the intertwiner tensors themselves. Symbolically,
where in the last term the m-indices of ι v label states in those representations V j l of SU (2) which are attached to the links of Γ starting at or leaving from the vertex v. From this perspective, SU(2) spin-network evaluations is essentially the computation of a partition function of a statistical model, whose rotational invariance is automatically guaranteed by the SU(2)-invariance of the intertwiners themselves.
In particular, for homogeneous spins j = 1/2 for all edges on the boundary spin network, when the graph is a regular square lattice, which we denote Γ = , we can show the correspondence of the Ponzano-Regge amplitude with boundary with the partition function of the "isotropic" 6-vertex model [20] (see also [39, 40] for a broader perspective and equivalence of 3d quantum gravity with statistical models), as illustrated on figure 1:
with
In the case of non-trivial topologies, the above equality still holds locally, but further non-local operator insertions are needed to account for the existence of nontrivial holonomies along the non-contractible cycles. We explore this case in the next section (see also [22] ). This is an integrable statistical model, whose transfer matrix coincides with that of the XXX Heisenberg spinchain with spectral parameter λ = i(a/c − 1/2), e.g. [50] . The degrees of freedom of the spin-chain are indeed the same magnetic indices appearing in Eq. (7), however the system is not quite in a pure Gibbs ensamble of the form Tr(e −βHXXX ), but rather in some involved generalized ensamble, whose "Hamiltonian" is given by a combination of conserved quantities weighted by λ, e.g. [51] . Notice that the XXX spin chain is isotropic and hence SO(3) invariant. See [22] for more on these correspondences. on the boundary lattice, the arrow direction translates into the sign of the magnetic index m living on the edge. Indeed, for a spin j = For generic spins, a special class of spin-network graphs is constituted by Wilson line weaves. In a weave, a set of Wilson lines pass above and beneath each other, forming links of knots, without ever intersecting. This situation corresponds to intertwiners whose recoupling channel is in a state of vanishing spin (notice that these form a basis of intertwiners among four spins j = 1/2). Such peculiar states were observed to be related to integrable models of various kinds almost thirty years ago [39] [40] [41] [42] . Nevertheless, at the time, the perspective was different, and the correspondence was made with knot expectation values in Chern-Simons theory, rather than with boundary spin-network evaluations. 4 The appearance of magnetic indices as degrees of freedom of the boundary theory is an aspect that deserves attention. Magnetic indices are quantum states in a co-adjoint orbit of su * (2). Therefore, following the LQG quantum geometrical interpretation, they represent the possible (quantum) orientations of a vector of fixed length in R 3 . Thus, the present correspondence explicitly fulfils the expectation of much of the contemporary work in the context of gravity and gauge theories in presence of boundaries, that the dual boundary degrees of freedom are constituted by reference frame orientation of a "would-be-gauge" symmetry [16, [52] [53] [54] [55] [56] [57] .
For increasing values of the spins, the number of al-lowed magnetic indices grows: the number of Plancksized cells present in the larger co-adjoint orbits grows, and the latter can be better and better approximated by their classical counterparts. This explains why, in the large spin regime, semiclassical methods exist to analyze the relevant spin-network evaluations. These methods are indeed well developed, both in the mathematical and physical literature, and the emergence of geometrical objects from the large spin asymptotics of such evaluations is well studied [3, 14, 29, [58] [59] [60] [61] [62] . So far, we considered only spin-network states at fixed spins. This, however, need not be a necessary restriction, and considering superpositions of all spins has its own interest. For example, this fact can be used to peak the state not only on an intrinsic geometry, corresponding to metric boundary conditions, but also on its extrinsic geometry, leading to more general boundary conditions [26, 63] .
Another interesting example is given by the construction of so-called spin-network generating functions. These are boundary states which depend analytically on one parameter per edge, in such a way that their power expansion in these parameters gives all possible (fixedspin) spin-network evaluations. Pictorially, these parameters can be interpreted as chemical potentials-or, more precisely, fugacities-for the edge spins. Crucially, generating-function boundary states on specific graph types encode the (bosonized dual of the) Ising model [44, 45] .
III. NON-TRIVIAL TOPOLOGIES
As it was mentioned earlier, these correspondences are enriched by the presence of boundary non-contractible cycles, which stay non-contractible in the bulk. At this point a clarification is necessary.
It is often assumed that in a theory of quantum gravity, one has to sum over all manifolds compatible with the boundary data, including all compatible bulk topologies. However natural and appealing, this idea is plagued with difficulties ranging from defining evolution on nonglobally-hyperbolic manifolds in a canonical setting, to the very classification of topologies in dimensions 4 and higher in a covariant setting. For these reasons, in a large part of the quantum gravitational literature (see however [30, 31, 64] ), the issue of summing over topologies has been put aside, and the focus restricted to the "integration" over metrics. 5 Here, we will adopt this conservative viewpoint, and hence postpone all investigations of topology change, and large diffeomorphisms alike.
This being clarified, we can address the question of how the boundary theory "knows" about its bulk-contractible and bulk-non-contractible cycles. From the bulk perspective, non-contractible cycles correspond to non-trivial monodromies that need to be integrated over. Using gauge invariance, these monodromies can be made to have support on a single small cylinder D 2 × [0, ], whose boundary counterpart is a ring S 1 × [0, ] winding around the conjugate boundary cycle. This ring supports a nonlocal "topological" operator acting on the boundary spinnetwork state. The topological nature of this operator is a consequence of the flatness of the fundamental connection. More technically, at the spin-network level, the operator arising from the integration over all possible monodromies-when unconstrained-can be easily recognized to correspond to the insertion along the ring of a Haar intertwiner or, in other words, of a group-averaging operator 6 -see [20] [21] [22] . The modification of the boundary theory via this operator insertions explicitly breaks the symmetry between the various non-contractible cycles of the surface, thus imprinting on the boundary theory some knowledge of the bulk topology. In practical computations, these topological operators play a crucial role. We will present a concrete example of this in the next section.
IV. EXAMPLE: COHERENT TORUS
The simplest example that can provide insights on the above program is given by a twisted solid torus spacetime in three-dimensional Euclidean quantum gravity with vanishing cosmological constant. Twisted means that the solid torus M 3 ∼ = D 2 × S 1 is obtained by identifying the bottom and the top of the cylinder D 2 (a) × [0, β] up to a rotation of γ radians. Here, a stands for the radius of the two-disk, and β for the Euclidean time extension of the cylinder.
This example has already been studied with other techniques-most notably via the perturbative quantum Einstein-Hilbert theory at 1-loop over a flat background, both in the continuum [23] and in the "discretum" [24] , and as a limit of the corresponding AdS 3 /CFT 2 computation [64] [65] [66] [67] -and can therefore serve as a benchmark for the present methods.
The most prominent feature of all these approaches, is a partition function which depends on γ in a way that admits a (formal) expansion over boundary momentum eigenmodes p ∈ N-i.e. Fourier modes in the bulk- 6 A Haar intertwiner is an intertwiner of the form
where D j (g) is a Wigner matrix in the representation of spin j; m, m ∈ {−j, . . . , j} are magnetic indices; dg is the Haar measure on the group. Finally, in this formula, l labels the edges crossing the above-mentioned ring.
contractible, "spacelike", direction-as
where Pl = 8πG N , and the factor of 2 is in parenthesis because its presence depends on the chosen boundary conditions (standard Gibbons-Hawking-York boundary conditions require it; for details, see the first section of [20] ). Notice the peculiar fact that for γ ∈ 2πQ, there are p's whose contribution explodes.
In AdS space, this issue-as well as the convergence of Z at p → ∞-is cured by the fact that the role of γ is played by the torus' modulus, 2πτ = γ + i |Λ|β. The resulting "thermal AdS" partition function is then closely related to Dedekind's η(τ ) function, a modular form strictly speaking defined on the upper half complex plane, Im(τ ) > 0 [64] . In this respect the flat limit is expected to be quite singular, and deserves to be studied independently.
In any case, quite remarkably, even in the flat case multiple different approaches [23, 24, 67] agree with the formal result of Eq. (10), although the mechanisms leading to this formula and the regularizations that make sense of it are technically very different. In all cases, a crucial fact is that the modes p = 0 and p = 1 do not appear in the product as a consequence of diffeomorphism symmetry (see [20] for a detailed comparison).
Maybe one of the most interesting derivations of the formula (10) is as a character of BMS 3 in the "vacuum" representation ("massive" ones have a different prefactor, and a product over p that starts at p = 1) [67] . This is taken as a hint that a dual boundary theory indeed exists whose symmetry group is (a central extension of) BMS 3 , in analogy to the Virasoro symmetry of the AdS 3 /CFT 2 case. This idea is further supported by the fact that the BMS 3 characters can be obtained through a zerocosmological-constant limit of the Virasoro ones.
Here, we present results on the analysis of precisely this situation within the bulk local non-perturbative approach provided by the Ponzano-Regge (PR) model [20, 21] .
The first question one faces in setting up the computation within the PR model is what boundary state one is going to use. A survey of the previous method suggests that the boundary state should encode the geometry of a rectangular cylinder. Remarkably, this fact is made explicit in the only other quasi-local computation [24] , while it is implicitly used in the other computations intrinsic to the boundary-since they assume translational symmetry along the two boundary directions. It is, however, completely hidden in the perturbative EinsteinHilbert approach. 7 The identification of p as spacelike eigenmodes is clearest in some formulations [24, 64, 67] , but can remain rather obscure in others [23, 65] .
In order to impose the desired boundary conditions, coherent spin network techniques, developed in the context of loop quantum gravity were used to design a state corresponding to an N t × N x regular rectangular lattice. The twisted toroidal topology is implemented by an identification of the lattice appropriately shifted by N γ units in the "spatial" direction (see figure ?? ), so that
while the spin-network intertwiner encoding the rectangular plaquette geometry dual to the spin-network vertex v is On the right hand side, we draw the boundary lattice associated to the discretization of the solid torus. We attach a spin T (resp. L) to each horizontal (resp. vertical) edges on the boundary, and we attach to each boundary vertex v an intertwiner as defined by formula (12) .
2 N) for horizontal "h" (vertical "v") edges l dual to "timelike" ("spacelike") sides of the rectangular plaquettes, and the normalized spinors ξ
for l ranging from 1 to 4 in an anti-clockwise order 8 See footnote 6 for details on the D-matrix notation. Notice that the second magnetic index, m l in the notation of footnote 6, is here fixed to its maximal value j l . This choice ultimately ensures that these states are coherent states.
around the spin-network vertex, starting from an horizontal edge. Finally,
where the bar stands for complex conjugation. Eq. (12) defines a coherent intertwiner, designed to encode the geometry of a flat rectangle. The four spinors ξ represent in a precise sense the sides of the rectangular plaquette along the z, − x, − z, and x directions respectively, while the spins L, T correspond to their lengths, and the lift of the group elements G v ∈ SU(2) to SO (3) corresponds to the orientation of the plaquette's reference frame. 9 Gauge invariance implies that all orientations are weighed equally. Being coherent means that in the large spin regime T, L → ∞ uniformly, the above state optimally minimizes the extrinsic curvature along the rectangle diagonals compatibly with Heisenberg uncertainty principle-see e.g. [68, 69] .
The PR amplitude for such a boundary state Φ coh can be written, after some manipulation and gauge fixing, as the following purely boundary theory
where the label "coh" stands for "coherent". The angle ϕ ∈ [0, 2π[ corresponds to the conjugacy class of the only non-trivial holonomy wrapping around the non contractible cycle of the cylinder. Furthermore, S l denotes the contribution to the "action" of the spin-network edge l:
Here, the edges l are oriented to point either to the right or upwards, and v = s(l), t(l) are therefore its source and target vertices, respectively. Notice that the branch-cut of the logarithm plays no role. The G v are SU(2) elements associated to the vertices v of the boundary coming from (12) ; in this formulation, they constitute the degrees of freedom of the dual field theory, replacing the magnetic indices of the statistical model formulation (the two formulations are in the end equivalent, see [22] for a more thorough discussion of this point). Geometrically, the G v can be understood as providing a "potential" for a flat boundary connection and 9 Using the fact that at each vertex 4 l=1 j l is an integer, one can show that Gv → (−1)Gv is a symmetry of the integrand. Using this fact, one can consistently consider the Gv to be elements of SU(2)/Z 2 ∼ = SO(3), hence truly representing frame orientations. This identification will be implicitly assumed in the following treatment.
thus describe the embedding of the boundary into flat 3d space.
Remark now that the action l S l is complex and such that Re(S coh ) ≤ 0. One can think of its imaginary part as providing the actual action for the boundary theory, and its real part as providing the quantum measure.
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For notational simplicity, the two contributions will not be explicitly distinguished. Now, using that j l is the eigenvalue 11 in Planck units of the length operator along (the dual of) l:
one sees that in the semiclassical limit → 0, at fixed boundary geometry-that is at fixed l -the coherent intertwiners get peaked on the classical geometry, while the amplitude Z PR can be evaluated at 1-loop via a stationary phase approximation.
The stationary phase equations for the boundary action are Re( l S l ) = max {Gv} (Re( l S l )) = 0, and δ Gv ( l S l ) = 0 which is satisfied if and only if
Using standard spinfoam techniques [29, 62, [70] [71] [72] , these equations can be geometrically interpreted as describing an immersion (i.e. a local embedding) of the tiled toroidal surface in the ambient flat space R 3 [73, 74] . According to this interpretation, G v = Ad Gv represents the SO(3) frame of the rectangular plaquette dual to v-which is defined up to some global rotation along the z axis 12 -while ψ l represents the dihedral angle (extrinsic curvature) between two neighboring plaquettes connected by l (see figure 3) . 10 The action is imaginary although the signature of the gravitational field is Euclidean. This is because the Ponzano-Regge model is a quantization of three dimensional gravity in the form of a topological SU(2) BF -theory. In this formulation, the physical signature of the metric is purely encoded in the gauge group. 11 Other operator orderings can be used, for instance in the standard loop quantum gravity spectrum is given by the square root of the Casimir, l = Pl j l (j l + 1). 12 The restriction to the z axis is a consequence of a gauge fixing.
Generally this is the axis picked by the non-trivial bulk holonomy.
Three plaquettes -faces -of the boundary discretization dual to 3 neighboring vertices. The dotted line are the links of the dual lattice. In red, the dihedral angle ψ l along the link l relates the group elements G s(l) and G t(l) living on the two corresponding plaquettes, which are vertical neighbors. In blue, the dihedral angle ψ h l along the horizontal link l relates the group elements G s(l ) and G t(l ) .
The equation resulting from the stationarity of the bulk holonomy's conjugacy class ϕ, δ ϕ ( l S l ) = 0 i.e.
breaks the symmetry between the two cycles of the torus (here implicit in the appearance of x rather than y in the equation), and implies that
(An alternative solution is ψ l = π, always for l vertical; solutions where this happens are called "folded" solutions [21] and will be ignored in this article-however, cf. the comment at the end of this section on Planck-scale values of the extrinsic curvature). The above equation means that the equation of motion for ϕ dictates along which cycle the torus boundary can be curved extrinsically, and this happens precisely in the spatial direction, as it was intuitively expected.
Thus, the solutions to the equations of motion are given by rectangular cylinders whose "spatial" sections are (not-necessarily convex) N x -sided polygons and whose ends are identified modulo a shift of N γ units.
Boundary conditions further require that along each "time slice" 
where the latter equation is understood to hold for any choice of N γ consecutive horizontal edges {l x }.
Fixing N x and N γ to be coprime,
the analysis of the stationary phase equations can be pushed further. In particular, K = 1 implies that the polygonal sections must be regular, since it implies that
for some n ∈ {0, ±1, . . . , ± Nx−1 2 }, and hence
For K = 1, all solutions are part of a continuous family, and the 1-loop determinant (the Hessian determinant of l S l at the stationary point) contains null directions. Geometrically, these degeneracies correspond to the fact that one can deform the polygonal section of the cylinder while staying on-shell.
Back to the case K = 1, the integer n labels the different stationary points. We interpret it geometrically as a winding number which counts how many times the toroidal surface winds around the cylinder's axis before closing. The existence of these solutions is due to the fact that the models relies on (compactified) holonomy rather than connection variables, and consequentlyloosely speaking-the flatness condition just states that the deficit angle must be an integer multiple of 2π, rather than strictly zero. The degenerate case n = 0 is suppressed because of the integration measure, while the case n = 1 is of course the "geometrical" one.
At these stationary points, the spin-network action takes the on-shell value (recall that for vertical links, ψ
Formally, this action has the structure of a discretized Gibbons-Hawking-York term on the rectangular cylinder, as desired from what should correspond to the onshell value of the Einstein-Hilbert action on a flat spacetime and in agreement with Eq. (10). However, once exponentiated, e l S l reduces to a sign. This is a consequence of the discreteness of the spin T ∈ 1 2 N. If K = 1, moreover, the 1-loop determinant is nondegenerate and can be readily analyzed. Using a Fourier transform adapted to the presence of the twist, one can diagonalize the Hessian, while an exact resummation formula gets rid of the explicit energy dependence. The ensuing result for the determinant, combined with the on-shell value of the ϕ measure, is
where the γ dependence is fully contained in
When focusing on the geometrical background geometry corresponding to n = 1, this reproduces precisely the sought result of Eq. (10) . For this to work, it is crucial to notice the fundamental role played by the integration over the non-trivial holonomy wrapping around the nontrivial cycle of the torus, which contributes precisely the factor 2 − 2 cos γn above. Interestingly, the product over p in the equation above can be explicitly computed once we remember that the angle γ comes from the shift N γ in the gluing of the lattice:
(this formula holds as long as N γ and N x are coprime, i.e. K = 1). This gives a surprisingly simple result for the amplitude for a given winding number n,
Notice that, despite this simplification, the dependence on the twist γ does not completely disappear and we keep a non-trivial result. A first remark is that it is very interesting that our lattice computation leads to such a straightforward finite truncation of the BMS 3 character formula for the partition function (10) to the product over modes p bounded by the lattice size N x . Moreover the simplification of this product is a great coincidence, which likely points out towards a underlying powerful symmetry. This point needs to be investigated further.
A second remark is that the equation (28) is actually more useful than the simplified expression (30) in order to understand the physical content of the theory. Indeed, it provides the mode decomposition of the theory, in terms of the Fourier modes p. Although the partition function Z might simplify, what matters is that the various Fourier modes have different weights with a specific γ-dependence, i.e. (2 − 2 cos γp) −1 , which is probed e.g. by the correlations of the boundary theory.
In this sense and to this extent, this calculation perfectly agrees with the Λ → 0 limit of the AdS case given by eq. (10) when focusing on the geometrical background corresponding to the classical solution with winding number n = 1.
Finally, the amplitude factor A(n) carries the dependence on the winding number n. It is a rather intricate function of the spins L and T , the lattice sizes N x and N t and of course of the label n. It is nevertheless possible to considerably simplify the formula derived in [21] (by explicitly performing the product over Fourier modes p).
The result is
where ψ is the dihedral angle unit for the lattice and a n is a simple complex trigonometric function,
Also, the notation T N (a) stands for the Chebyshev polynomial (of the first kind) of order N .
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From these expressions one can first check the reality property
This is consistent with a Hamilton-Jacobi functional, which cannot distinguish a momentum from its opposite, and more specifically with a first-order Einstein-Cartan formulation of General Relativity, of which the PonzanoRegge model is a quantization. Moreover, A(n) is, in the large N x , N t limit (but already true when they are larger than 5), overwhelmingly peaked in modulus at the minimal and maximal values of n, that is at n = 1 and n = Nx−1 2
as illustrated by the plots on figure 4. This behavior is entirely due to the factor with the Chebyshev polynomial, 2T Nx (a n )−2)
We can actually plot this at fixed N x , N t as a function of the continuous variable x = nψ ∈ [0, π], as in figure  5 . In order to understand better the asymptotic behavior at large N x , let us focus on this factor. The function 2T Nx (a n ) − 2) is well-behaved, both in modulus and phase, as one can see on figure 6 . The moot point is that the first winding number n = 1 corresponds to the angle
Nx which goes to x → 0 as N x grows large but not fast enough so as the asymptotics of 2T Nx (a 1 ) − 2) be simply 2T Nx (0) − 2) = 0. Indeed the two appearances of the lattice size N x conspires to give a non-trivial asymptotics:
This also gives the behavior for large winding numbers n Nx−1 2 since the function 2T Nx (x) − 2) is (almost) symmetric 14 under reflections x ↔ π − x. This explains 13 Recall, T N (a) = ch(N arcosh a) and
14 The symmetry of 2T Nx (a(x))−2) depends on the sign of (−1) Nx . Under the reflection x → π − x, it changes to its complex conjugate for even Nx while it further gets an extra minus sign for odd Nx. This means that the modulus 2T Nx (an) − 2) is exactly symmetric under n ↔ Nx 2 − n for even Nx while it is slightly skewed under the exchange n ↔ Nx−1 2 − n for odd Nx due to the 1 2 shift. goes to 0, the curves gets more and more curved and goes to the limit function (lowest curve). The intuition behind the peakedness at the minimal and maximal winding numbers, n = 1 and n = Nx−1 2 , is that these solutions reconstruct locally almost-flat ge-ometries (although one can be visualized as being folded onto itself), and at flat geometries the Hessian degenerates. This mechanism is analogous to "Ditt-invariance" [75, 76] . This peakedness can be used to argue that the slightest (semiclassical) knowledge of the extrinsic curvature, such as the fact that it is non-Planckian as in the maximal n case, collapses the result onto the desired classical solution at n = 1.
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To summarize the role of the amplitude pre-factor A(n) is that it selects the first winding number n = 1, which corresponds to the semi-classical embedding to our toric surface in flat R 3 space and allows to reproduce the expected semi-classical partition function (10) for 3d quantum gravity as a function of the twist angle γ.
V. OUTLOOK
In this note, we have proposed a concrete framework to analyze quasi-local holographic dualities in three dimensional quantum gravity. In such a framework, both the bulk quantum geometry-described by the PonzanoRegge model-and the boundary theories are readily accessible, and the bulk-boundary correspondence can be readily read from the choice of boundary conditions. After highlighting the general character of the correspondence and the general questions one hopes to address in its context, we have reviewed the main results of [20, 21] .
In this outlook, we wish to discuss more specific questions which arise when studying the holographic setup that is here advocated for.
Boundary phase transitions The boundary statistical theory might undergo phase transitions for specific choices of the parameters. The question is what this means from the geometrical perspective of the bulk theory. The question is particularly cogent in the case of second order phase transitions. First steps to answer this question have been taken in [44, 45] . There it was shown that-for an infinite superposition of trivalent spin-networks, which turns out to be dual to the Ising model-criticality corresponds to peakedness around geometrical boundary conditions (modulo a global scale).
Asymptotic infinity The framework presented here is well-adapted to the study of quasi-local boundaries. Which theory arises when pushing these boundaries to infinity is an independent question. In order to reach infinity, the first guess is that one needs to consider boundaries of infinite circumference. This can a priori be done in two ways: by considering an infinite number of building blocks, possibly Planck-sized (e.g. with j = 1/2), or by rescaling a given boundary configuration by scaling the relative spins to infinity. The first procedure resembles a continuum limit of the statistical model, provided
